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ABSTRACT

The aim of this paper is to prove some common fixed point theorem in cone metric space for
rational expression under normal cone setting. Our result generalize the main result of Jaggi &
Das, Gupta.

Keywords: Cone metric space common fixed point, metric space, normal cone, rational
expression.

AMS Classification: 47H10, 54H25, 55M20

1. INTRODUCTION

Fixed point theory plays a basic role in application of various branches of mathematics from
elementary calculus and linear algebra to topology and analysis. Fixed point theory is not restricted
to mathematics and this theory has many applications in other discipline. The Banach Contraction
principle with rational expressions have been expanded and some common fixed point theorem
have been obtained in [1] [2]. Cone metric space where consider by Huang and Zhang [4] who
reintroduced the concept which has been known since the middle of 20" century. They have
considered convergent in cone metric space, introduced completeness of cone metric space and
prove a Banach contraction mapping theorem and some other fixed point theorems involving
contractive type mapping in cone metric space using the normality condition. Our results
generalized the main result of Jaggi [3], Das & Gupta [11] with adding new mappings.

2. PRELIMINARY:
Let G be a real Banach space and ‘K" a subset at G. K is called a cone iff

i. K is closed, nonempty, and K # {0}

ii. a,b€R,a,b =20,x,y €EK=ax+ by €K.
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iii. x EKand —x e K=>x=0i.e.Kn(—K) ={0}.
Given a cone K C G, we define a partial ordering < with respect to

Kbyx <yiffvy—x€K

Wewritex < yif x <ybutx #y.

Whilex K yif y—x €intK.

The cone K is called normal if there is anumber M > 0s.t.x,y €G.
0<x <yimplies lx I M Iy l.

The least positive number satisfying above is called the normal constant of .

Definition: 2.1 [2]

Let x be non-empty set G is a real Banach space and K € G, a cone. Suppose the mapping
d: X X X — G satifies

d1.0 <d(x,y)forallx,y €eXandd (x,y) =0iffx=y
d2.d(xy)=dyx)forallx,y €X

d3.d(x,y) <d(x,z) + d(z,y)forallx,y,z € X

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.2 [4]
Let (X, d) is said to be a complete cone metric space, if every Cauchy sequence is convergent in .

Definition 2.3 [ 9]
Let (X, d) be a cone metric space a self mapping T on X is called an jaggi contraction, if it satisfies
the condition

d(Tx, Ty) < @ LTIV

iy T P dCuy)+ Lmin{d(x, Ty),d(y, Tx)}
Vx,y €X,WhereL>0anda,p €[0,1)witha+p <1.
Definition 2.4 [11]

[ 9] Let (X, d) be a cone metric space a self mapping T on X is called an Das & Gupta contraction,
if it satisfies the condition.
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d(y,Ty)[1+d(x,Tx)]

d(Tx,Ty) < « ()

+ Bd(x,y)+ Lmin.{d(x,Tx,),d (x,Ty),d (y,Tx)}
Vx,y €X,WhereL>0anda,p €[0,1)witha+p <1.

3.0 Main Result:-

Theorem 3.1 Let (X,d) be a complete cone metric space and K be a normal cone with normal
constant M. Let T: X — X.

d(Tx,Ty) <
d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty)+ d(y,Ty)d(y,Tx) .
ay TP 20ey) +yd(xy)+ Lmin{d(x, Ty),d(y, Tx)}

For all x,y € XwhereL =0and a,B,y € [0,1) witha + 2B + 2y < 1. Then T has a unique
fixed pointin X. .........3.1.a
Proof:- Choose xy € X,Set x; = Txgy, x, = Txp_q.

d(xp, xn41) =d (Txn—l'Txn) <

d(xXp_1,Txp_1)d(xn, Txy) 1B d(xp—1, Txp_1)d(xpn, Txy) + d(xy, Txy)d (X, TXp—1)

d(xn—lrxn) d(xn—lvxn)
+ Y d (xn—lr xn) + Lmin {d(xn—lr Txn): d(xn; Txn—l)}

d(xp—1,xp)d (X, Xp41) d(xp—1, %) Ad(Xp, Xpi1) + d(Xp, X 41)d(Xn, X))
d(xn—llxn) d(xn—llxn)
+ Y d (xn—l'xn) + Lmin {d(xn—lrxn+1)v d(xnv xn)}

= d(xn: xn+1) +p d(xn:xn+1) +vyd (xn—lixn)

_r
l1—-a—-p

d(xp, Xpt1) < d (Xp_1,%n)

d(anxn+1) < sd (xn—llxn)

Where s = 1_};_3,0( + 28+ 2y < 1,0 < K <1 and by induction

< s™d (xp_1,%p)

by triangle inequality
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d(xp, Xm) < d(n, Xn41) + d(Xp1, Xny2 ) + oo +d (xn+m—1:xm)

< (s™ 4 sl g2 L + s™M=1Yd (x, x1)

S % d(xO,TxO )

Now Il d(xy, X ) II < M% I d(xo,x1) |l

Which implies that d(x,,x,)— 0as n — o.Hence x,is a Cauchy sequence, so by
completeness of X this sequence must be convergent in X. Now w is another point of X

dw, Tw) <dW, xp41) + d(xp4q, TW)

<dW,xp41) + d(Tx, Tw)

d(xn,Txp)d(w,Tw) + ﬂ d(xn,Txn)d(W,Tw)+ d(w,Tw)d(w,Txy)
d(xnvw) d(xn:W)

L min{d (x,,, Tw),d(w, Tx,)}

<dWw,xp4q)

+yd (xp,w) +

<dWw,xp4q) +vd (xp,w) + Lmin{d(x,, Tw),d(W, x,41)}
So using the condition of normality of cone.
I dw, Tw) I <M [l dW, xp41 ) | +¥ 1| d (x5, W) || + L min{ll d(x,, Tw), d(w, xp,4+1) I}]
Asn — 0 we have
Il d (w,Tw) Il < 0, Hence w = Tw, w is a fixed point of T.

Remarks:
1. We put L = f = 0in theorem 3.1 we get Jaggi result.

Theorem 3.2
Let (X,d) be a complete cone metric space and K normal cone with normal constant M. Let
T:X > Xbea
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d(Tx, Ty) <
d,Ty)[1+d(x,Tx)] d,Tx)[1+d(x,Ty)] .

Vx,y €X,WhereL>0anda,B,y €[0,1)witha++y <1. Then T has a unique fixed
point in X.

Proof:- Choose x, € X, set x; = Txg,x, = Txp_1
d(xn, xn41) = d(Txn-1, Txn)
<

Ad(xXn Txp)[1+d(Xn—1,TXn—1)] d(xp,Txp_1)[1+d(xXn_1,Txp)]
1+d( Xp—1,%n) +5 14d( Xp—1,%Xn) +yvd(xXp_1,%,) +

L min. { d(xn—li Txn—li )' d (xn—li Txn)' d (an Txn—l)}

<

d(xp,Xn41)[1+d(Xn_1,%5)] d (X)) [1+d (1, n41)]
1+d(xn—1rxn) + ﬁ 1+d(xn_1,xn) + y d (xn—lf xn) +

Lmin. { d(xp-1,%n),d (Xn-1,%n+1),d (xn, 1)}

d(tnXn+1) [1+d(xn—1,%0)]
1+d( xp—1,%n)

+ Y d (xn—lrxn)

<a

< ad(xn, Xp+1) + v d (-1, %)

d(xp, Xp41) < % d (xp-1,%,)

d(xn, Xn+1) < sd (Xp-1,%n)

Wheres=£ <1.,Wherea+ f+y <1&0 <s<1

Axp, Xn41) < ™ d (x0,%1)

by triangle inequality

d(xp, Xm) < d(xp, Xn41) + A1, Xn2 ) + oo Hd (pm-1,%m )

< (s™ 4 sl g2 4 L + s™M=1Yd (x, x1)
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< = d(x,Tx)

So that Now || d(x,,, X ) I < Mls—:ls I d(xg,x1) |l

Which implies that d(x,,x,) =0 as n — oo. Hence x,is a Cauchy sequence so, by
completeness of X, sequence must be convergent in X.

Now Suppose any other point w in X.
dw,Tw) <dW, xp41) + d(xp4q, TW)
<dW,xp41) + d(Tx, Tw)

<

d(w,Tw)[1+d (%, Txp )]
() TP

L min.{ d(xn_, Txyp, ), d (xn,, TW), d (W, Txn_)}

d(w,Txp ) [1+d (2, TwW)]
1+d( xn,w)

dW,xXp41) + @ +vyd (xn_,w) +

<dW,xpe1 )+ BW,xp41) +yd (xn,, W) + L min. {d(xn_,xn+1_), d (xn,, W), d (W, xn+1,)}
SA+pB)dw,xpq)+vd (xn,,w) + L min. {d(xn,, Xn+1, ),d (xn,,w), d (W, xn+1,)}

So condition of normality of cone.

I dw, Tw) | < M[(1+ B) Il dW,xp11) 1 +y I d (xn, w) Il
+Lmin.{ll d(xy, xn+1, ), d (xn, w), d (W, 241 I1}]

asn — 0wehave | d(w,Tw) [ <0
Hence w = Tw, w is a fixed point of T

Remarks:-
If we put § = L = 0 in theorem 3.2 then we get Das & Gupta rational contraction result.

Theorem 3.3
Let (X, d) be a complete metric space and K a normal cone with normal constant M. Let S,T: X —
Xbea
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d(Sx,Ty) <
d(y,Ty)[1+d(x,Sx)] d,Sx)[1+d(x,Ty)] .
T +p T +yd(x,y)+ Lmin.{d(x,Sx,),d (x,Ty),d (y,Sx)}

For all x,y € XwhereL >0and a,f(,y €[0,1) with a ++y < 1. Then S &T be a unique
fixed point in X.

Proof: Choose x; € Sxg & x, =T x4
S.L. Xon+1 = SXon and Xopiz = TXopn4q

Now

d(X2n41, X2n42) = d (X200, TX2141)

<a d(Xan+1.TX2n+1)[1+d(2n,SX20)] + ﬁd(x2n+1,SxZn)[1+d(x2n,Tx2n+1)]
- 1+d(x2nX2n+1) 14+d(X2n.X2n+1)

Lmin.{ d(xzn,Sx2n,), d (X200, TX2n41), d (Xan41, SX2n)}

+ v d (X2n, Xon41) +

<a d(X2n+1.X2n+2) [1+d(X2nX2n+1)] + ,8d(x2n+1rx2n+1)[1+d(x2nrx2n+2)]
- 1+d(Xz2nX2n+1) 1+d(xz2nX2n+1)

L min.{ d(xzn, X2n+1,), d (X2n, Xan42), d (Xan41, Xon+1)}

+ Y d (x2n'x2n+1) +

< ad(Xan41, Xon+2) TV d (Xon, Xon41)

d(Xzn41, X2n+2) < ad(Xoni1, Xon+2) TV d (X2n, Xon41)

Y
d(Xan+1, X2n+2) < md (X2n X2n+1)
< Sd (xzn, X2n+1)
Where5=£< 1becausea+pf+y <1

Similarly

d(X2n42,X2n43) = d (SX2n41, TX2n42)

“Innovative Trends in Applied Physical, Chemical, Mathematical Sciences and Emerging Energy
Technology for Sustainable Development” ISBN: 978-93-83083-71-8 225



Manoj Solanki, Arvind Bohare, Ramakant Bhardwaj

d(Xon42 Tx2n42)[1 + d(Xon41, SXon41)] N d(X2n42SXon+1)[1 + d(Xzn41, TXon42)]
1+ d(x2n+1, X2n42) 1+ d(X2n41) X2n42)
+v d (X2n+1, X2n+2)
+ Lmin.{ d(xzn4+1,S%2n41, ), d (X2nt1, TX2n42), d (X212, SXons1)}

d(Xzn+2 X2n+3)[1 + d(X2n41, Xon42)] +p d(Xzn42, X2n+2)[1 + d(X2n41, Xon43)]
1+ d(x2n+1, X2n42) 1+ d(xzn41, X2n42)
+v d (Xzn41, X2n42)
+ Lmin. { d(xzn+1, X2n42, ), d (C2nt1, X2n+3), d (Xan42) Xan42)}

< ad(Xzn42,X2n43) TV d (Xon41, Xon42)

d(X2n42,X2n43) < @ d(Xppi2,X2n43) TV d (Xon41, X2n+2)

14
d(X2n+2,X2n+3) md (X2n+1 X2n+2)

IA

d(X2n42,X2n43) < S d (Xan41, X2n42)

where § = —— < 1, because a + B + v < 1 by triangle inequality

1-a
d(Xzn+42, X2n+3) < d(X2nt2, Xan41) + A(X2ns1, X2n43)

so that

d(X2n42,X2n43) < S d (Xzn41, X2n42)

(i1, Xna2 <S5 d O Xng1) Seceveeeeeenns < s™ (%9, %1)
by triangle inequality
d(xp, Xm) < d(n, Xpge1) F A1, Xng2) F e, +d (Xpm—1, Xm)
< (st+s" 4 +s™ VY {d (x0,x1)}
n
< 1—s d (xo,X1)
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we get

n

d(x,, <M
I den, Xpe1) 1S Mz

Il d (xo, Xl) {

which implies that d(x,, x,41) = 0 as n — oo.

Hence {x,, } is a Cauchy sequence, so by completeness of X. Sequence must be convergent in X.
Now we prove that w is a common fixed point of S and T.

dw,Tw) < dW,xz2n+1) + d(X2n4+1, TW)

< dW,xz2n41) + d(Sx2p, TW)

AW TW)[1+d(Xan,S¥zn)] | B AW Sxam)[1+d0Con TW)] | v d (pn, w) +

1+d( xy0,W) 1+d( xyn,W)

L min.{ d(xyn,Sx2p,), d (X2, TW),d (W, Sx5,,)}

<dw,xyp41) @

dw,w)[1+d(X2n,X2n+1)] AW, Xan+1)[1+d(x2n,w)]
1+d(xmw) +h 1+d(xomw) tyd (xonw) +

Lmin.{ d(Xon, Xon+1, ), d (Ko, W), d (W, X201 41)}

<dWw,xp41) + @

< dW, Xan41) + BAdW, x2041) + 7V d (X2, W)
+ L mm{ d(xzn; Xon+1» ); d (xZn: W): d(W' x2n+1)}

so using the condition normality of cone.

I d(w, Tw) | < M[Il d(W, Xop41) | +B Il AW, X3041) | +¥ I d (o, W) II| +L min. { |l

d(Xon, Xon+1, ), d (o, W), d (W, X2p41) 1}]
asn—0

we have

Il dw, Tw) <0

so we get w = Tw, Similarly w = Sw

therefore w is a fixed point of S & T..
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